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ON THE NILPOTENCY CLASS OF FINITE GROUPS WITH A
FROBENIUS GROUP OF AUTOMORPHISMS
VALENTINA IUSA
Abstract. Suppose that a metacyclic Frobenius group FH , with kernel F
and complement H , acts by automorphisms on a finite group G, in such a way
that CG(F ) is trivial and CG(H) is nilpotent. It is known that G is nilpotent
and its nilpotency class can be bounded in terms of |H | and the nilpotency
class of CG(H). Until now, it was not clear whether the bound could be made
independent of the order of H . In this article, we construct a family G of finite
nilpotent groups, of unbounded nilpotency class. Each group in G admits a
metacyclic Frobenius group of automorphisms such that the centralizer of the
kernel is trivial and the centralizer of the complement is abelian. This shows
that the dependence of the bound on the order of H is essential.
1. Introduction
Let A be a group acting on a group G. We denote by CG(A) the centralizer of A
in G, namely the fixed-point subgroup of A. Experience shows that in many cases
the properties of G are influenced by those of CG(A). After Mazurov’s problem
17.72 in Kourovka Notebook [MK14], special attention was given to the case where
a Frobenius group acts by automorphisms on a finite group.
We recall that a finite Frobenius group FH , with kernel F and complement H ,
can be characterized as a semidirect product of a normal subgroup F by H such
that CF (h) = 1 for every non trivial element h of H . The structure of Frobenius
groups is well known. In particular, by Thompson’s theorem [Tho59] the kernel
is nilpotent and, by Higman’s theorem [Hig57], its nilpotency class is bounded in
terms of the least prime divisor of the order of H . The explicit upper bound is
due to Kreknin and Kostrikin (see [Kre63, KK63]).
Suppose that a Frobenius group FH acts on a finite group G in such a way
that CG(F ) is trivial. By Belyaev and Hartley’s theorem [BH96], the group G
is soluble. Moreover, by Khukhro–Makarenko–Shumyatsky’s theorem [KMS14,
Theorem 2.7] if CG(H) is nilpotent, then G is nilpotent. In the same article, the
three authors proved that if in addition F is cyclic, then the nilpotency class of G
can be bounded in terms of the order of H and the nilpotency class of CG(H). We
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remark that this result can be seen as part of the more general goal of expressing
the properties of G in terms of the corresponding properties of CG(H), possibly
depending also on the order of H (see also [MS10, Shu11, KS11, Khu12]).
For bounding the nilpotency class of the group G, Lie ring methods are used.
Indeed, the proof is based on the analogous results for Lie rings and algebras which
are also important in their own right. The advantage of this method lies in the
fact that it is usually easier to deal with Lie rings as they are more linear objects.
On the other hand, both steps, from the group to the Lie ring and back, may be
quite non-trivial.
Until now, the question whether the bound for the nilpotency class of G could be
made independent of the order of the Frobenius complement H remained unsolved.
Indeed, there were no explicit examples showing the opposite. In this paper, we
shall give a negative answer to this question by proving the following
Theorem 1. There exists a family G of finite nilpotent groups, of unbounded
nilpotency class, whose members G satisfy the conditions:
(1) G admits a metacyclic Frobenius group of automorphisms;
(2) the centralizer of the kernel in G is trivial;
(3) the centralizer of the complement in G is abelian.
This result is based on an analogous one for Lie algebras. In this case, the
transition to finite groups is obtained from the Lazard correspondence.
The main part of this paper is devoted to proving the result for Lie algebras.
This will consist of the explicit construction of a family L of Lie algebras, satis-
fying analogous properties. As a preliminary step, for every prime number p we
will construct a Lie algebra Lp which admits a metacyclic Frobenius group of au-
tomorphisms of the form Cp⋊Cp−1. Its definition and properties will be discussed
in Section 2. In particular, we shall see that every algebra Lp is Z-graded. In
the same section, we will also calculate the exact dimension of its homogeneous
components (Proposition 3).
Let us denote by Ip and Jp the smallest invariant ideals generated respectively
by CLp(Cp) and by the derived subalgebra of CLp(Cp−1). We will study the former
in Section 3 and the latter in Section 4. Since they are both homogeneous, we
will study their intersections with the homogeneous components, bounding the
dimension of the subspaces thus obtained (Propositions 6 and 8).
In Section 5 we will build the family L, whose elements are the quotient algebras
Lp/(Ip + Jp). We will prove the existence, for any natural number n, of a prime p
such that the corresponding algebra Lp/(Ip+Jp) in L has nilpotency class at least
n. For this part, the previous bounds in Propositions 3, 6 and 8 will be required.
We will finally discuss the conditions under which the Lazard correspondence can
be applied.
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2. The family of Lie algebras Lp
A crucial step towards the proof of Theorem 1 consists of the following
Proposition 2. There exists a family L of nilpotent Lie algebras, of unbounded
nilpotency class, such that any member L satisfies the conditions:
(1) L admits a metacyclic Frobenius group of automorphisms;
(2) the centralizer of the kernel in L is trivial;
(3) the centralizer of the complement in L is abelian.
It will be proved in Section 5. In the same section we will also see that, in order
to produce the analogous result for groups, we will need to consider the case where
the characteristic of the underlying field changes with L. This section instead is
devoted to the definition and the study of another family of Lie algebras, which is
instrumental in the construction of L. For every prime number p, we will define a
Z-graded Lie algebra Lp, as a quotient of a free metabelian Lie algebra. In Propo-
sition 3, we will determine the exact dimension of each homogeneous component.
Furthermore, we will construct a metacyclic Frobenius group acting by automor-
phisms on Lp. In this paper, we use the notation 〈U〉 and id〈U〉 respectively for
the Lie subalgebra and the ideal generated by a subset U .
Let K be a field of characteristic coprime with p, containing a primitive pth
root of unity. For generality, we will not specify its characteristic at this stage,
because the whole construction works independently of it. However, we stress
that, although this is not made explicit by notation, the characteristic may change
together with the prime p.
Let Xp = {x1, . . . , x2p−2} be an ordered set and let M(Xp) denote the free
metabelian Lie algebra over K with free generating set Xp. Following [Bak87], we
know that M(Xp) has a basis consisting of Xp together with the left-normed Lie
brackets of the form
(1) [xi1 , xi2 , . . . , xik ] , with k ≥ 2, and xi1 , . . . , xik ∈ Xp, xi1 > xi2 ≤ . . . ≤ xik .
In particular, for every fixed number k, the above set represents a basis for the
degree k homogeneous component ofM(Xp), which is the K-vector space spanned
by all Lie brackets of length k involving the generators.
Renaming the generators in such a way that Xp = {a1, . . . , ap−1, v1, . . . vp−1}
and a1 < . . . < ap−1 < v1 < . . . < vp−1, we get that the set in (1) consists of the
following Lie brackets:
•
[
ai1 , ai2, . . . , aij , vij+1, . . . , vik
]
, for all 2 ≤ j ≤ k, and i1 > i2 ≤ . . . ≤ ij ,
ij+1 ≤ . . . ≤ ik,
•
[
vi1, ai2 , . . . , aij , vij+1, . . . , vik
]
, for all 2 ≤ j ≤ k and for all i2 ≤ . . . ≤ ij ,
ij+1 ≤ . . . ≤ ik,
• [vi1 , vi2 , . . . , vik ], for all i1 > i2 ≤ . . . ≤ ik,
where k ≥ 2 and 0 < i1, i2, . . . , ik < p.
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Let A denote the subalgebra generated by a1, . . . , ap−1. Similarly, denote by
V the subalgebra generated by v1, . . . , vp−1, and by IV the ideal generated by V .
Consider the quotient algebra L˜p = M(Xp)/[IV , IV ]. Since IV is a homogeneous
ideal, this Lie algebra inherits from M(Xp) its Z-grading. The generators form a
basis for its degree 1 homogeneous component. For every k ≥ 2, a basis for its
degree k homogeneous component is given by the Lie brackets
• [ai1 , ai2 , . . . , aik ], for all i1 > i2 ≤ . . . ≤ ik,
•
[
ai1 , ai2 , . . . , aik−1, vik
]
, for all i1 > i2 ≤ . . . ≤ ik−1,
• [vi1 , ai2 , ai3 . . . , aik ], for all i2 ≤ . . . ≤ ik,
where 0 < i1, i2, . . . , ik < p. Indeed, it is not hard to prove that [IV , IV ] is generated
by the remaining Lie brackets, which are the ones with more than one entry in V .
Finally, define the Lie algebra Lp to be L˜p/id〈[A,A]〉. Similarly, since the ideal
generated by the derived algebra of A is homogeneous, the algebra Lp is Z-graded.
A basis for it consists of Xp together with the Lie brackets
(2) Bp,k =
{
[vi0 , ai1, . . . , aik−1 ] : 0 < i0 < p, 0 < i1 ≤ i2 ≤ . . . ≤ ik−1 < p
}
,
for every k ≥ 2. By construction, it follows that the Lie algebra Lp is a semidirect
sum of the abelian ideal IV and the abelian subalgebra A.
In the next proposition, we determine the dimension of the homogeneous com-
ponents of Lp.
Proposition 3. For every prime p and natural number k, let lp,k denote the
dimension of Lp,k, the homogeneous component of Lp of degree k. We have
lp,1 = 2(p− 1) and lp,k = (p− 1)
(
k + p− 3
k − 1
)
for all k ≥ 2.
Proof. Since the set Xp is a basis for the subspace Lp,1, the first equality trivially
holds. Now assume k ≥ 2. By Formula (2), all possible Lie brackets in Bp,k
with a fixed initial entry vi0 are determined by the (k − 1)-combinations with
repetition from p− 1 elements. The expression for lp,k follows from the fact that
the number of these combinations is exactly
(
(k−1)+(p−1)−1
k−1
)
and vi0 varies among
p− 1 elements. 
The Lie algebra Lp admits a Frobenius group of automorphisms of the form
Cp ⋊ Cp−1, also denoted simply by CpCp−1. Let f denote a generator of the
Frobenius kernel Cp. For each i = 1, . . . , p− 1, we define a
f
i = ω
iai and v
f
i = ω
ivi,
where ω is a complex primitive pth root of unity. Let h be a generator of the
Frobenius complement Cp−1 and let r be a primitive (p− 1)th root of unity in Zp.
We define ahi = ari and v
h
i = vri, where the indices on the right-hand side must be
taken modulo p. It is straightforward to check that these conditions determine a
Frobenius group where fh
−1
= f r.
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Let CLp(Cp) and CLp(Cp−1) respectively denote the centralizers of the Frobenius
kernel and the Frobenius complement. They are both Z-graded subspaces, since
the homogeneous components Lp,k are CpCp−1-invariant. A basis for CLp(Cp)∩Lp,k
is obtained by those Lie brackets [vi0 , ai1, . . . , aik−1 ] in Bp,k satisfying the condition
i0 + i1 + · · · + ik−1 ≡ 0 (mod p). The next proposition presents a basis for the
subspace CLp(Cp−1) ∩ Lp,k.
Proposition 4. The basis Bp,k of Lp,k is permuted by Cp−1. The number of its
orbits is equal to the dimension of the subspace CLp(Cp−1)∩Lp,k, namely lp,k/(p−1).
Indeed, the set
{∑p−2
j=0 b
hj , b ∈ Bp,k
}
is a basis for such subspace.
Proof. First we need to prove that the generator h of Cp−1 acts as a permutation
of Bp,k. This follows directly from the formula for Bp,k. Indeed, for every Lie
bracket [vi0 , ai1 , . . . , aik−1] in this set, its image under h is [vri0 , ari1, . . . , arik−1 ],
again contained in Bp,k, possibly after a rearrangement of the terms arij . Fur-
thermore, every orbit has length p − 1. Indeed, for j = 0, . . . , p − 2, the images
[vrj i0 , arji1 , . . . , arjik−1 ] under h
j are all distinct because they differ in the first entry.
As a consequence, we get that the number of orbits is |Bp,k|/(p− 1).
To each orbit there corresponds one vector in CLp(Cp−1) ∩ Lp,k, namely the
sum over its elements. This follows directly from the structure of a permutation
module, where to each cycle of the permutation there corresponds one eigenvector
with eigenvalue 1. 
The algebra Lp also has a natural (Z/pZ)-grading, arising from the eigenspace
decomposition corresponding to the action of Cp. Indeed, for every j = 0, . . . , p−1,
define jLp =
{
x ∈ Lp|x
f = ωjx
}
. We call this subspace the Cp-homogeneous com-
ponent of weight j. Because of the definition of f , a Lie bracket [vi0 , ai1, . . . , aik−1 ]
in Bp,k belongs to such subspace if and only if i0 + i1 + · · · + ik−1 ≡ j (mod p).
Clearly, the Cp-homogeneous component of weight 0 corresponds to the centralizer
CLp(Cp) and it is Cp−1-invariant.
Since the homogeneous components Lp,k are Cp-invariant, they are, in turn,
Zp-graded by this basic fact of linear algebra:
Lemma 5. Let K be a field and V a K-vector space. Let φ : V → V be a linear
map and U a φ-invariant subspace. Assume that an element u of U can be written
in the form u = u1 + · · · + ul, where ui are eigenvectors of φ corresponding to
distinct eigenvalues αi. Then ui ∈ U for all 1 ≤ i ≤ l.
Hence, we can write
Lp,k =
p−1⊕
j=0
Lp,k ∩
jLp.
The subspaces on the right-hand side are permuted by h, according to the formula
(Lp,k ∩
jLp)
h = Lp,k ∩
rjLp. Hence, for every prime p and positive integer k,
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the subspaces Wp,k = Lp,k ∩
0Lp and W
′
p,k = Lp,k ∩
1Lp ⊕ · · · ⊕ Lp,k ∩
p−1Lp are
CpCp−1-modules. The basis of W
′
p,k consists of eigenvectors for the action of Cp
which are permuted by Cp−1 in orbits of length p− 1. Each of these orbits spans
a CpCp−1-module of dimension p− 1. Hence, we have that
dim(W ′p,k) = (p− 1) dim(CLp(Cp−1) ∩W
′
p,k).
Using Proposition 4 and the Cp−1-invariance of both subspaces, we get the corre-
sponding formula for Wp,k.
3. The ideal generated by CLp(Cp)
Let Ip denote the ideal generated by the centralizer CLp(Cp). We have already
mentioned that CLp(Cp) is degree-homogeneous and CpCp−1-invariant. Hence, the
same properties hold for Ip. In this section, for every natural number k, we bound
the dimension of the subspaces Ip ∩ Lp,k.
Since vi and ai are eigenvectors of f with corresponding eigenvalues ω
i, a basis
for the subspace Ip∩Lp,k is given by those Lie brackets [vi0 , ai1, . . . , aik−1 ] belonging
to Bp,k for which there exists a permutation pi in the symmetric group Sk−1 such
that i0 + ipi(1) + · · ·+ ipi(s) ≡ 0 (mod p), for some s < k. In the next proposition,
we bound the dimension of this subspace.
Proposition 6. For every prime number p and natural number k, let ip,k denote
the dimension of the homogeneous subspace Ip ∩ Lp,k. Then
ip,1 = 0 and ip,k ≤ (k − 1)(p− 1)
k−1 for all k ≥ 2.
Proof. First, we recall that Lp,1 is the subspace of homogeneous elements of Lp of
degree 1 and it is generated by Xp. Since none of the vi, ai is centralized by Cp,
we clearly have ip,1 = 0. More in general, we have
Ip ∩ Lp,k =
k∑
j=1
[CLp(Cp) ∩ Lp,j, Lp,1, . . . , Lp,1︸ ︷︷ ︸
k−j
]
=
k−1∑
j=1
[[CLp(Cp) ∩ Lp,j, Lp,1, . . . , Lp,1︸ ︷︷ ︸
k−1−j
], Lp,1] + CLp(Cp) ∩ Lp,k
=
[ k−1∑
j=1
[CLp(Cp) ∩ Lp,j, Lp,1, . . . , Lp,1︸ ︷︷ ︸
k−1−j
], Lp,1
]
+ CLp(Cp) ∩ Lp,k
= [Ip ∩ Lp,k−1, Lp,1] + CLp(Cp) ∩ Lp,k.
Hence, we obtain ip,k ≤ dim([Ip ∩ Lp,k−1, Lp,1]) + dim(CLp(Cp) ∩ Lp,k).
The subspace CLp(Cp)∩Lp,k has basis given by the Lie brackets [vi0 , ai1 , . . . , aik−1]
in Bp,k for which i0+i1+· · ·+ik−1 ≡ 0 (mod p). This implies that the last index ik−1
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is uniquely determined by the previous ones and hence, dim(CLp(Cp) ∩ Lp,k) ≤
(p − 1)k−1. Notice that this bound is only sharp for k = 2, because the set
{[vi, a−i], i = 1, . . . , p − 1} is a basis for Ip ∩ Lp,2. However, for k ≥ 3 this
argument counts some basis elements in Bp,k several times, as we consider all
simple Lie bracket of degree k, not only the “ordered” ones.
The subspace [Ip ∩ Lp,k−1, Lp,1] is generated by the Lie brackets of the form
[x, aj ], where x ranges over a basis of Ip ∩ Lp,k−1 and j = 1, . . . , p− 1. Hence, we
have dim([Ip ∩ Lp,k−1, Lp,1]) ≤ (p − 1)ip,k−1. Once again, we point out that the
equality trivially holds for k = 2 , and for k = 3. The inequality is instead strict
for larger values of k. These bounds together give the recursive formula
ip,k ≤ (p− 1)ip,k−1 + (p− 1)
k−1,
from which the conclusion follows by induction. 
This proposition concludes this section and the study of the ideal Ip. Indeed,
the bound on the dimension of its homogeneous components Ip ∩ Lp,k is all we
need in the proof of Proposition 2.
4. The ideal generated by [CLp(Cp−1), CLp(Cp−1)]
Let Jp denote the smallest CpCp−1-invariant ideal containing the derived sub-
algebra [CLp(Cp−1), CLp(Cp−1)]. Since CLp(Cp−1) is not Cp-invariant, then Jp is
strictly bigger than the ideal generated simply by [CLp(Cp−1), CLp(Cp−1)]. Indeed,
in this section we will prove that Jp is generated, as ideal, by the Cp-homogeneous
components of the generators of [CLp(Cp−1), CLp(Cp−1)]. This is done in Proposi-
tion 7. Moreover, as previously done for Ip, we will bound the dimension of the
subspaces Jp ∩ Lp,k, for every prime number p and integer k (Proposition 8). The
bound is obtained as the exact result of a recursion.
We start determining the generators of the subalgebra [CLp(Cp−1), CLp(Cp−1)].
As already pointed out, the centralizer CLp(Cp−1) is degree-homogeneous and a
basis for the subspaces CLp(Cp−1)∩Lp,k is given in Proposition 4. The subalgebra
[CLp(Cp−1), CLp(Cp−1)] is generated by Lie brackets of the form [x, y], where x
and y lie in the basis of CLp(Cp−1). Those Lie brackets are trivial unless one of
the entries is a1 + a2 + · · ·+ ap−1. Hence, the derived subalgebra of CLp(Cp−1) is
generated by the Lie brackets of the form [x, a1 + · · ·+ ap−1], where x lies in the
basis of CLp(Cp−1).
In the next proposition we produce a set of generators of the ideal Jp.
Proposition 7. The smallest ideal containing [CLp(Cp−1), CLp(Cp−1)] and invari-
ant under the action of the group CpCp−1 is generated, as an ideal, by the Cp-
homogeneous components of the generators of [CLp(Cp−1), CLp(Cp−1)].
Proof. Consider [x,
∑p−1
i=1 ai], where x belongs to the basis of CLp(Cp−1) given
in Proposition 4. We can write x as a linear combination of eigenvectors of f ,
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namely x =
∑p−1
j=0 xj, where xj is in the Cp-homogeneous component of weight
j. Since x is in CLp(Cp−1), we necessarily have that xrj = (xj)
h, for all j =
0, . . . p − 1. The same relation is true for the Cp-homogeneous components of
[x,
∑p−1
i=1 ai]. Indeed, plugging the decomposition of x into the Lie bracket, we can
rewrite it as
∑p−1
j=0
(∑
k 6=j[xk, aj−k]
)
, where the sum in parenthesis represents its
Cp-homogeneous component of weight j. Applying h to it, we get
(∑
k 6=j
[xk, aj−k]
)h
=
∑
k 6=j
[xhk , a
h
j−k] =
∑
k 6=j
[xrk, arj−rk],
where this should be interpreted as a sum over k, where k varies from 0 to p− 1.
This is exactly the homogeneous component of weight rj.
We have just shown that the set of the Cp-homogeneous components of the
generators of [CLp(Cp−1), CLp(Cp−1)] is permuted by Cp−1. This implies that the
ideal generated by this set is Cp−1-invariant. Moreover, this ideal is also Cp-
invariant because, by construction, its generators are Cp-homogeneous. It contains
the subalgebra [CLp(Cp−1), CLp(Cp−1)] because it contains all its generators (as a
sum of their Cp-homogeneous components). Hence, it contains Jp, for minimality
of Jp.
To prove the opposite inclusion, it is sufficient to show that all Cp-homogeneous
components of the generators of [CLp(Cp−1), CLp(Cp−1)] are in Jp. This is true by
Lemma 5. 
We can now bound the dimension of the degree-homogeneous components of
Jp.
Proposition 8. For every prime number p and natural number k, let jp,k denote
the dimension of the subspace Jp∩Lp,k, the homogeneous component of Jp of degree
k. Then
jp,1 = 0 and jp,k ≤ p
(
k−2∑
j=0
(p− 1)k−2−j
(
j + p− 2
j
))
for all k ≥ 2.
Proof. First, observe that the ideal Jp is contained in the derived subalgebra of Lp.
This implies trivial intersection with the subspace Lp,1 of homogeneous elements
of degree 1 and hence jp,1 = 0.
More generally, if x ranges in the set of generators of [CLp(Cp−1), CLp(Cp−1)]
and xl denotes its Cp-homogeneous component of weight l, by the previous result
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we can write
Jp ∩ Lp,k=
k∑
j=1
(p−1∑
l=0
[
〈xl : x ∈ [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,j〉, Lp,1, . . . , Lp,1︸ ︷︷ ︸
k−j
])
=
k−1∑
j=1
(p−1∑
l=0
[[
〈xl : x ∈ [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,j〉, Lp,1, . . . , Lp,1︸ ︷︷ ︸
k−1−j
]
, Lp,1
])
+
p−1∑
l=0
〈xl : x ∈ [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,k〉
= [Jp ∩ Lp,k−1, Lp,1] +
p−1∑
l=0
〈xl : x ∈ [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,k〉.
Hence, we have jp,k ≤ dim([Jp∩Lp,k−1, Lp,1])+p dim([CLp(Cp−1), CLp(Cp−1)]∩Lp,k).
The subalgebra [Jp ∩ Lp,k−1, Lp,1], which is non-trivial only when k ≥ 3, is
generated by the Lie brackets of the form [x, aj ], where x is an element of the
basis of Jp ∩Lp,k−1 and j = 1, . . . , p− 1. Indeed, the Lie brackets [x, vi] are trivial
by construction. Hence, we get dim([Jp ∩ Lp,k−1, Lp,1]) ≤ (p− 1)jp,k−1.
As previously remarked, the subalgebra [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,k is gener-
ated by the elements [x,
∑p−1
i=1 ai], where x is in the basis of CLp(Cp−1) ∩ Lp,k−1.
Hence, its dimension is not greater than the dimension of CLp(Cp−1) ∩ Lp,k−1,
namely lp,k−1/(p− 1), by Proposition 4. Using the expression for lp,k computed in
Proposition 3, we get the following recursive formula
jp,k ≤ (p− 1)jp,k−1 + p
(
k + p− 4
k − 2
)
.
We now prove the desired bound for jp,k by induction on k. Observe that the
subspace [CLp(Cp−1), CLp(Cp−1)] ∩ Lp,2 is one-dimensional, generated by the Lie
bracket [
∑p−1
i=1 vi,
∑p−1
j=1 aj ]. According to Proposition 7, its Cp-homogeneous com-
ponents generate Jp ∩ Lp,2. Hence, the bound holds for k = 2. Suppose now that
the bound is true for k−1. Using the above inequality in the inductive hypothesis,
10 VALENTINA IUSA
we find:
jp,k ≤ (p− 1)p
(
k−3∑
j=0
(p− 1)k−3−j
(
j + p− 2
j
))
+ p
(
k + p− 4
k − 2
)
= p
(
k−3∑
j=0
(p− 1)k−2−j
(
j + p− 2
j
))
+ p
(
k + p− 4
k − 2
)
= p
(
k−2∑
j=0
(p− 1)k−2−j
(
j + p− 2
j
))
.
This concludes the proof. 
This also concludes the section about the ideal Jp. As in the case of the ideal
Ip, all we will need later on is the bound for the dimension of its homogeneous
components.
5. Proofs of Proposition 2 and Theorem 1
In this last section, we will prove Proposition 2 by explicit construction of the Lie
algebras L¯p belonging to the family L. We will then apply Lazard correspondence
to prove Theorem 1, where we will need to impose some conditions on the under-
lying field of each L¯p in L. Recall that, until now, the only requirements on the
underlying field of Lp were having characteristic different from p and containing a
primitive pth root of unity.
Proof of Proposition 2. For every prime number p, define L¯p to be the quotient
algebra Lp/(Ip + Jp). Since the two ideals Ip and Jp are graded, the same is true
for their sum. In particular, every homogeneous component is given by the sum
of the corresponding ones: (Ip + Jp) ∩ Lp,k = Ip ∩ Lp,k + Jp ∩ Lp,k. This implies
that L¯p inherits from Lp its Z-grading . Let L¯p,k denote the image of Lp,k in the
quotient and let l¯p,k indicate its dimension. We have
l¯p,k = lp,k − dim((Ip + Jp) ∩ Lp,k) = lp,k − dim(Ip ∩ Lp,k + Jp ∩ Lp,k)
≥ lp,k − dim(Ip ∩ Lp,k)− dim(Jp ∩ Lp,k) = lp,k − ip,k − jp,k.
Substituting in this formula the expression for lp,k from Proposition 3, and the
upper bounds for ip,k and jp,k, respectively from Proposition 6 and 8, we get
l¯p,k ≥ (p− 1)
(
k + p− 3
k − 1
)
− (k− 1)(p− 1)k−1− p
(
k−2∑
j=0
(p− 1)k−2−j
(
j + p− 2
j
))
.
We observe that the right-hand side is a polynomial function of the prime number
p, whose leading term is pk/(p− 1)! and comes from the formula for lp,k.
The algebra L¯p admits the same Frobenius group CpCp−1, as a group of auto-
morphisms. Indeed, since Ip and Jp are CpCp−1-invariant, the generator f of Cp
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and the generator h of Cp−1 induce automorphisms of the quotient algebra, defined
in the canonical way. The orders of f and h remain unchanged in their action on
the quotient, namely equal to p and p− 1 respectively.
The fixed-point subspace CL¯p(Cp) is trivial. Indeed, in case of a coprime action,
the fixed points in the quotient algebra are covered by the fixed points in the
original Lie algebra (see for example [Khu93, Theorem 1.6.2]). For the same
reason, if we require that, for every prime p, the characteristic of the underlying
field of L¯p is coprime with p−1, then the subspace [CL¯p(Cp−1), CL¯p(Cp−1)] is trivial
too. At the end of this section we will show that this hypothesis is unnecessary.
Indeed, the fixed points of Cp−1 in the quotient algebra are covered by the fixed
points in the original Lie algebra even when the characteristic of the field divides
p − 1. Nevertheless, for now just assume that this condition holds, so that the
three properties of L listed in Proposition 2 are satisfied and we can continue with
our proof.
It only remains to show that for every integer k, there exists a Lie algebra
in L with nilpotency class at least k. In other words, this algebra must have a
non-trivial Lie bracket of degree k. Because the lower bound for l¯p,k has positive
leading coefficient, for every fixed k we can always find a prime number p for which
l¯p,k is positive. Hence, the corresponding Lie algebra will have nilpotency class at
least k. Proposition 2 is now proved modulo Lemma 9. 
Proof of Theorem 1. Every L¯p is a metabelian (Z/pZ)-graded Lie algebras with
0L¯p = 0. According to a theorem of Shumyatsky [Shu05, Theorem 3.3], its nilpo-
tency class is at most p− 1. We can therefore produce a similar result for groups
under the extra condition that, for every algebra L¯p (and hence Lp), the charac-
teristic qp of the underlying field is greater than p. Indeed, under this hypothesis,
the Lazard correspondence based on the ‘truncated’ Baker–Campbell–Hausdorff
formula (see, for example, [Khu98, Section 10.2]) transforms every L¯p into a fi-
nite qp-group Qp with the same nilpotency class as L¯p. The group Qp admits the
same Frobenius group of automorphisms CpCp−1 with trivial CQp(Cp) and abelian
CQp(Cp−1). This proves Theorem 1. 
Increasing q with p in our construction was only required for an application of
the Lazard correspondence. Hence, it is not unnatural to ask the following
Question. We wonder if it is possible to construct a family of q-groups, of un-
bounded nilpotency class, where q is a fixed prime number, whose elements G
satisfy:
(1) G admits a metacyclic Frobenius group of automorphisms;
(2) the centralizer of the Frobenius kernel in G is trivial;
(3) the centralizer of the Frobenius complement in G is abelian.
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We conclude this section by proving that the fixed points of Cp−1 in L¯p are
covered by the fixed points of the same group in Lp even when the action is not
coprime.
Lemma 9. For every prime number p let Lp, L¯p, Ip and Jp defined as above. Let
Tp denote the ideal Ip + Jp, so that L¯p = Lp/Tp. Then we have
CL¯p(Cp−1) = (CLp(Cp−1) + Tp)/Tp.
Proof. We can restrict ourselves to the degree-homogeneous case and, denoting
the subspace (Ip + Jp) ∩ Lp,k by Tp,k , show that
CLp,k/Tp,k(Cp−1) = (CLp,k(Cp−1) + Tp,k)/Tp,k.
Recall thatWp,k = Lp,k ∩
0Lp andW
′
p,k = Lp,k ∩
1Lp⊕· · ·⊕Lp,k ∩
p−1Lp. Because
Ip and Jp are Cp-invariant we have
Tp,k = (Ip + Jp) ∩Wp,k ⊕ (Ip + Jp) ∩W
′
p,k = Wp,k ⊕ (Ip + Jp) ∩W
′
p,k,
whence
Lp,k
Tp,k
∼=
W ′p,k
(Ip + Jp) ∩W ′p,k
.
A set of generators for (Ip + Jp) ∩W
′
p,k is given by the generators of Ip ∩W
′
p,k
together with the generators of Jp ∩W
′
p,k. In other words, since the generators of
(Ip + Jp) ∩ Lp,k, described in Propositions 6 and 7, are all Cp-homogeneous, we
take those of them not belonging to 0Lp.
It is not hard to show that the generators of Ip ∩W
′
p,k are permuted by Cp−1
in orbits of length p − 1, whose elements are all in different Cp-homogeneous
components (one for each jLp, with 1 ≤ j ≤ p − 1). The same holds for the
generators of Jp∩W
′
p,k. The key point here is that each simple Lie bracket involved
in one of those generators has sum of its indices different from 0 modulo p. We
have just shown that
(Ip + Jp) ∩W
′
p,k =
p−2⊕
j=0
((Ip + Jp) ∩ Lp,k ∩
1Lp)
hj .
Now consider a basis {w1, . . . , wt} for the subspace (Ip+ Jp)∩Lp,k ∩
1Lp. From
the above equation it follows that (Ip + Jp) ∩W
′
p,k has basis{
w1, . . . , wt, w
h
1 , . . . , w
h
t , . . . , w
hp−2
1 , . . . , w
hp−2
t
}
.
If we complete the basis of (Ip+Jp)∩Lp,k∩
1Lp to a basis of Lp,k ∩
1Lp, by adding
the vectors {wt+1, . . . , ws}, then a basis of Lp,k/(Ip + Jp) ∩ Lp,k is{
wt+1, . . . , ws, w
h
t+1, . . . , w
h
s , . . . , w
hp−2
t+1 , . . . , w
hp−2
s
}
,
where, with a little abuse of notation, the cosets are named by their representative.
The desired conclusion follows. 
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We remark that the result of the previous lemma strongly relies on the defini-
tions of the algebras involved. Indeed, a crucial step in the proof is the fact that
both Lp and L¯p are free H-modules.
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